The fractional advection-diffusion equations are obtained from a fractional power law for the matter flux. Diffusion processes in special types
Introduction
The standard advection-diffusion equation (ADE) can be interpreted as a diffusion equation with an additional velocity field [1] :
where c represents variable velocity, and a, (for ν > 0) is constant coefficients dependent on the relevant physical problem. Matter transports in a porous media, Brownian motion in financial models, groundwater flow in the nature are just a few applications of eq. (1) . Some internal effects in advection-diffusion processes have led them to replacing by fractional order models [2, 3] . The non-local generalization of matter flux defined [4, 5] : 
Many real-world problems describing by time fractional ADE have been solved by interested researchers. For example, it was considered to describe the transport dynamics in complex systems which are governed by anomalous diffusion [6] . Moreover, the fractional ADE was effectively used to model the transport of passive tracers by fluid flow in a porous media [7] . The fundamental solutions to the Cauchy and source problems and the theory of diffusive stresses based on fractional ADE were studied [8] [9] [10] . Several implicit or explicit numerical schemes were proposed to solve fractional-diffusion/advection-diffusion equations [11] [12] [13] [14] [15] .
In the previously mentioned studies, the non-local generalizations of ADE were considered. In this manuscript, we are motivated to investigate a local generalized form of AD By using basic mathematical tools in conformable theory, we first propose a local description for the matter flux:
Here, the function c = c(x,t) is the matter concentration a position x of the domain at time, t. In the present study, we consider that the matter diffusion parameter A(t) = at α-1 and the velocity of the flow V(t) = vt α-1 , i. e. both parameters are temporally dependent, where a and v are arbitrary positive constants. By successive computations by using conservation of matter, we get the following conformable ADE:
where ∂ α /∂t α denotes the conformable partial derivative of order 0 < α ≤ 1. We formulate a Dirichlet problem for a line segment. Note that the non-local form of similar problem with Caputo fractional derivative was formulated by Povstenko and Klekot [16] .
Definitions and properties
The conventional fractional derivatives such as Riemann-Liouville, Caputo, and Grunwald-Letnikov have found numerous applications in science and engineering by giving the memory and hereditary effects. Nevertheless, the complexity and the lack of some basic properties satisfied by usual derivative have leaded the scientists to improve new local fraction-al derivatives and integrals. To this end, Khalil et al. [17] introduced the so-called conformable derivative with fractional order 0 < α ≤ 1 for a given real valued function, f, defined on [0,∞). New notions and theorems as conformable chain and product rules, integration by parts, mean value theorem, divergence theorem, Taylor power series expansions, conformable fractional Laplace and Fourier transforms, conformable partial, and sequential derivatives have been proposed and used in applications [18] [19] [20] . In recent years, the interest in the conformable differential equations has been increasing [21] [22] [23] [24] [25] [26] .
Some remarkable differences between the non-local and the conformable operators with fractional orders can be given. Mittag-Leffler function which is a generalization of exponential function plays an important role in conventional fractional calculus while the fractional exponential function ( )
appears in the applications of conformable calculus. Furthermore, the conformable derivative of a constant function is zero while it is not valid for the Riemann-Liouville fractional derivative. Additional information about mathematical aspects of conformable calculus and also the comparison of the non-local and local fractional operators can be found in pioneering book [27] .
The basic definitions and relations based on [18] are given:
(1) Definition: The left conformable derivative of a function
and
Likewise, the right conformable derivative of a function ( ]
Similarly, in the right case for
is continuous and n < α ≤ n+1. Then, for all t > a we have:
This property is valid for the right case and also for the classical derivative within the fundamental theorems of calculus. (5) Lemma: Let f be conformable differentiable and 0 < α ≤ 1. Then, for all t > a we have:
It can be generalized to the higher order cases.
, f a ∞ →  . Then the fractional Laplace transform of order α of f is defined by:
where
, f a ∞ →  be a conformable differentiable function and 0 < α ≤ 1. Then:
Now, we shall give the mathematical formulation of the main problem.
Statement of the problem
To give the motivation of this work, we first clarify the physical background of an ADE as a result of the combination of the Fick's law and advection effect by giving interesting real world problems. For example, [28] , some tracer particles of pollutants or immiscible solutes unfortunately damage the hydro-environment balance in the surface water bodies and aquifers because of human activities. Solutes are transported down the stream along the water flow and disperse due to the effects both of diffusion and advection. As a result, the relevant matter concentration in the water changes with respect to position x and time, t. Such an environmental process is modelled by a partial differential equation called ADE. A cellular protein transport or a chemical reaction can also be modelled by these equations.
For normal systems in the nature, the particles diffuse freely via Brownian motion, i. e. the mean-square displacement of particles in n-dimensional space is proportional to time defined as 2 2 r nDt ∆ = where D denotes the diffusion coefficient. In contrast, anomalous mobility may occur in the complex diffusive dynamics and so it needs to consider a power law time scaling as 2 2 r n t α Γ ∆ = where α represents the magnitude of anomalous transport and the constant Γ denotes the transport factor changing with respect to the matter under diffusion [29, 30] . In physical sense, if α < 1 and then mobility is called anomalous subdiffusion. Similarly, α > 1 determines the anomalous superdiffusion. Likewise to physical difference in the diffusion models, the mathematical descriptions differ for the anomalous diffusion processes. The standard diffusion equation governed by Fick's law can not describe the non-linear time dependence of the mean-square displacement. Moreover, there is no unique, simple, and standard model to obtain all of the anomalous diffusions in the nature. Therefore, many different models have been introduced to give a real-like description to diffusion problems.
A mathematical common used model for anomalous diffusion is based on a time-dependent diffusion coefficient, D(t). In addition, a more physically correct value to describe this temporal anomalous diffusion in terms of the time-dependent slope of the mean square displacement is defined by D(t) = Γt α- 1 . Note that it depends on the time scale of measurements, i. e. there is no characteristic length scale which is expected at all anomalous diffusive processes. In the physical and biological applications, researchers aim to find the optimum α parameter which defines the power law of the temporal diffusion coefficient by curve fitting to experimental data of diffusive particles. In mathematical sense, extended diffusion equations, which naturally arise from the laws of matter fluxes, have been improved to obtain the anomalous diffusion propagator. In the resulting equations, the anomalous exponent α describes the order of derivative.
In the present study, we are motivated to obtain a mathematical model based upon the physical law, which is in terms of temporally dependent coefficients, for a matter flux: 1 1 grad ( , ) ( , ) , 0 1 at c x t vt c x t
This relation can be rewritten by using the definition of conformable integral given by eq. (9):
By using the conservation of matter, we get:
Now, we first integrate the eq. (17) with respect to time, t, and then take conformable derivative of both sides. Therefore, we obtain the conformable partial ADE that models an anomalous diffusion process acting by a law of matter flux with the temporally dependent diffusion and advection coefficients. As it can be seen from this constitutive ADE, these time-dependent coefficients are hidden in conformable partial derivative by successive computations. Therefore, we have and formulate a conformable ADE with constant coefficients.
Let us consider the obtained conformable advection-diffusion equation:
with the initial and boundary conditions:
< < > , and ∂ α /∂t α denotes the conformable partial derivative of order α. We use a well-known method in the classical theory of partial differential equations such that the solution is assumed to be: 
Then, we find β = ν/2a by substituting eq. (21) 
Before applying the integral transforms, we remind the finite sin-Fourier transforms with respect to x [31] :
The application of finite sin-Fourier transform to second order derivative can be easily calculated:
Now, applying the finite sin-Fourier transform eq. (23) to eq. (22) and using the property (25), we obtain:
with the initial condition:
Next, we apply fractional Laplace transform with respect to time, t, and so eq. (26) reduces to:
(1) Example: For simplicity, we first choose f(t) = 1 and then can easily calculate
After arranging eq. (28), we have that:
By taking the inverse fractional Laplace transform, we arrive at:
Consequently, we find the fundamental solution c(x,t) of Dirichlet problem:
For a real physical application, this solution represents a density distribution function of diffusive particles, also called the propagator. 
Before taking the inverse Laplace transform, we give the convolution theorem for fractional Laplace transform can be seen by using the Lemma (eq. 14) and classical convolution theorem for Laplace transform [26] .
where (f * g) is the convolution of f and g functions defined by: 
Now, we shall take the inverse Laplace transform of eq. (33) and see that: 
The physical structure of the solution is shown in figs. 1(a) and 1(b) for the different values of order α. As expected, a retardation effect occurs in the case of α < 1. This also shows the slow anomalous transport of the matter.
Conclusion
In this study, we have proposed a mathematical relation in terms of time-dependent coefficients for an anomalous matter flux. By using this notion, we have introduced the conformable ADE with constant coefficients. For this equation, Dirichlet problem for a line segment 0 < x ≤ L is considered as a similar manner in the non-local formulation in [16] . The fundamental solution of problem is obtained by applying fractional Laplace and finite sin-Fourier transforms. In graphical analysis, we observe that the decreasing of the fractional order of conformable derivative causes the retardation of transport. This case can be occurred by the presence of some internal structures as pores and combs in matters. We have emphasized the results by using two numerical examples. Graphical results are held by MATLAB codes.
